It is shown that the implementation of the Large-N c approximation helps to get insight into the structure of, in principle, any QCD-like theory. As an example, we will compute the NLO corrections to L 10 in the chiral limit with a Lagrangian with Resonances.
Introduction
The QCD Lagrangian is assumed to encode the whole description of the strong interactions. At least, QCD has proven to be successful in describing its perturbative regime, corresponding to the high energy limit of the theory. However, a useful description of the strong interactions at low energies is still needed. The problem is two-fold: first of all, the strong coupling constant α s blows up, thus excluding all perturbative techniques. Secondly, quark and gluon fields are not the appropriate variables at low energies, where one observes hadrons, and there is not even a clue as how to connect these two sets of variables, or, in other words, understand what lies behind the process of hadronisation.
The efforts devoted to these topics for the last 40 years or so have led to remarkable progress. On the one hand, the low energy regime of QCD has been successfully approached by means of Chiral Perturbation Theory. On the other hand, Lattice QCD and Large-N c QCD are two firmly-established attempts to fill the gap between low and high energies.
In particular, the Large-N c limit is currently profusely used not only to establish a link between String theory and the Standard Model, but also to extract information from the Standard Model itself. Our aim in this paper is to show how the Large-N c approximation can be used to provide a solid framework to QCD-like theories, both by enabling the use of perturbation theory consistently and by constraining the (often) too large number of free parameters.
Chiral Perturbation Theory
Chiral Perturbation Theory (χPT) is the Effective Field Theory (EFT) of QCD in the sector of the light quarks (u,d,s). It describes the interactions of the pseudoGoldstone bosons 1 under the spontaneously broken chiral symmetry
as a power series in momenta and masses. The first two terms read [1] :
f π being the pion decay constant in the chiral limit, f π = 87±3.5 MeV, and the L i low-energy couplings encoding the information of the heavy degrees of freedom (hadrons lying above the pions) compatible with their quantum numbers.
As with any EFT, the previous expansion is only valid up to some threshold (Λ χP T ∼ 1 GeV). In going to higher energies one has to resort to more general frameworks such as the Lattice or Large-N c . Still, not so ambitious an approach would be to build up another EFT by inserting new dynamical degrees of freedom (hadrons), thus taking over χPT at a threshold µ * and covering a wider range of energies.
Adding Resonances
The key ingredient is to notice that the L i couplings entering the chiral Lagrangian are also order parameters of Chiral Symmetry Breaking, i.e., they do not get contributions from the continuum of QCD. Therefore, there is hope to saturate them with a discrete number of resonances, the most favoured ones being the lowest-lying hadrons. This is supported by the following argument, taken from [2] : consider a set of resonances, whose propagators are given generically by
1 i.e., π, k and η. To be generically referred to as pions thereafter.
At low energies, they can be expanded in powers of q 2 , contributing to L i like
Thus, the natural choice would be to insert the lightest hadrons, since they bear the biggest impact on L i . One such proposal is [3] :
to be added to the chiral Lagrangian, such that the enlarged chiral theory looks like:
One should be careful in distinguishing L i fromL i : the former contain information about resonances lying above the pions, whereas the latter have the information of the resonances lying above the V , A, S and P multiplets 2,3 .
Integrating out Resonances
Once the Lagrangian L χR is chosen, the natural step is to integrate out the resonances. We are left with the original chiral lagrangian, the coefficients being functions of hadronic parameters (masses and couplings), to be related to the L i 's through a matching procedure. The results are as follows [3] :
Upon comparison with experiment one gets 4 :
6.9 ± 0. which shows a remarkable agreement, strongly supporting resonance saturation. Still, there is a flaw in the argument: the value µ * = M ρ is, though very suggestive, completely arbitrary. The right way to proceed would be to determine µ * from L χR at one loop level. However, contrary to L χ , L χR has no obvious expansion parameter. One way out is the following: since L χR is meant to be an EFT of QCD, we can resort to Large-N c methods.
5. The Large-N c limit
5
As mentioned above, the Large-N c limit of QCD is a powerful non-perturbative tool to explore QCD and, in a broader sense, the Standard Model. The crucial point is to realise that, surprisingly as it is, a SU(N c ) gauge theory of quarks and gluons is dynamically simplified if one takes N c to infinity while keeping α s N c fixed. This last condition ensures that the theory is well-behaved and, even further, that it admits a systematic expansion in powers of 1/N c . Among the several additional features of the Large-N c limit we shall be interested only in a few ones:
• The dynamical simplicity shows up in the fact that it is a theory of free, stable and non-interacting mesons, where the interactions are restricted to tree-level exchanges of physical mesons. This in turn implies that the only singularities of Green functions are poles at the masses of physical mesons.
• The mass difference between singlets and octets is 1/N c -suppressed, so that in the N c → ∞ limit hadronic multiplets are nonets.
Despite the fact that even the leading term in the 1/N c expansion entails an unsurmountable calculational effort, those qualitative features highlighted above provide, as we will see in a moment, a great deal of information.
6. Large-N c applied to the model Both the chiral Lagrangian L χ and the Resonance Lagrangian L R can be seen in the light of Large-N c 6 . The first step is to know the N c -scaling of the parameters, which can be determined straightforwardly by a matching procedure.
The next step is to put singlets and octets together into nonets. In the chiral limit it simply amounts to replace [7] U → U e
while the other terms in L χR remain unaltered. This furnishes L χR with a consistent Large-N c framework, as first shown in [6] . As a by-product, the very particular singularity structure of Large-N c Green functions provides a set of constraining equations for the hadronic parameters
which induce a prediction for the values of L i .
(12) 6 The reader is referred to [5] and [6] for details. 7 [8] and references therein. This is remarkable, since it provides a testing ground for the accuracy of the Large-N c approximation. Alternatively, Eq.(12) can be read as the imprint of a (still) hidden dynamical symmetry of the Large-N c limit. To make the point clearer, one can set out an analogy with SU(5) GUT. The parallelism is as follows:
Getting insight into this underlying symmetry would be of great interest in trying to understand what lies behind the Large-N c approximation.
7. An Example: L 10 In this section we will illustrate how theories equipped with the Large-N c approximation work with a particularly simple application: the determination of L 10 with L χR at one loop level 8, 9 . Additionally, this simple example may help clarify whether resonance saturation, as advocated in [3] , survives beyond the leading order. The way to proceed is to integrate out resonances in L χR up to one loop. Equivalently, one can select an appropriate Green function (i.e., L 10 should appear without any mixing with the remaining L i ) and compute it to one loop with both Lagrangians at hand, L χ and L χR . For the present work, the latter method will be adopted.
Let us start with the two-point function
where
are the helicity currents of QCD. In the chiral limit, Lorentz invariance implies
Moreover, Π LR (Q 2 ), computed with χPT, admits the following power ex-
Therefore, a suitable Green function to determine L 10 is given by
One can now compute (17) up to one loop with L χ and L χR , thereby getting automatically the matching conditions. We will skip the calculations and refer the reader to [9] for further details. The expressions one ends up with are
at tree level, which is in agreement with the last line of (8), and
does not follow that of runnning L 10 , one concludes thatL r 10 cannot be dropped (in fact, its µ-dependence has to supply the right slope for L r 10 ). However, there can still be a value for µ (say µ * ) at which resonance saturation is not spoiled (intersection of solid and dashed lines). Yet this value lies at µ * ∼ 380 MeV, too low a value to be realistic 11 .
. 11 Remember that this µ * was to be interpreted as the threshold for L χR to take over the chiral Lagrangian. Therefore, the Large-N c approximation has allowed us to survey L χR at one loop level, showing, through a non-zeroL 10 , that for resonance saturation to be fulfilled one has to supply additional structure (i.e., new couplings and most likely new resonance fields) to our starting Lagrangian L χR .
Conclusions
Taking Large-N c for granted, any QCD-like theory admits, in principle, a perturbative series expansion in powers of 1/N c . This turns out to be extremely useful when the theory hasn't got a natural perturbative parameter, as in the example studied. At the same time, the Large-N c limit is able to constrain the values of the free parameters of the theory, these constraints hinting at an underlying symmetry principle of Large-N c .
